Lecture 12: Introduction to Panel Data(updated)

Zhaopeng Qu
Business School,Nanjing University

June 10 2026

1/104



1 Panel Data: What and Why

2 Fixed Effects Model

3 Potential Threats of Internal Validity in FE

4 Summary



3/104



4/104



What is Panel Data?

= So far, we have only focused on data cross entities.Now it is the time to add time,
which leads us to use Panel Data.

= Panel data refers to data with observations on multiple entities, where each
entity is observed at two or more points in time.

= |f the data set contains observations on the variables X and Y,then the data are
denoted
(Xit, Yit), i=1,..nandt=1,..., T
= the first subscript,i refers to the entity being observed
= the second subscript,t refers to the date at which it is observed

= Extension: not necessarily involves time dimension

= outcome of employee i in firm m (Xim, Yim) i=1,..nandm=1,... M
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Introduction: Data Structure

= Balanced v.s Unbalanced
= Balanced panel: each unit of observation i is observed the same number of time

periods, T. Thus, the total sample size is NT.
= Unbalanced panel: each unit of observation i is observed an unequal number of time
periods, T;, commonly some missing values for some entities at some periods.

= Micro v.s Macro
= Micro: large N, and small T,more “similar” to cross-section data
= Macro: small N, and large T,more “similar” to time series data

= In our class, we focus on balanced and micro panel data.
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Example: Traffic Deaths and Alcohol Taxes

state “ year beertax fatal pop fa_rate

al 1982 1.53937948 839 3942002.2 2.12836
al 1985 1.65254235 882 4021007.8 2.19348
al 1984 1.71428561 932 3988991.8 2.33643
al 1983 1.78899074 930 3960008.0 2.34848
al 1988 1.50144362 1023 4101992.2 2.49391
al 1986 1.60990703 1081 4049993.8 2.66914
al 1987 1.55999994 1110 4082999.0 2.71859
az 1983 0.20642203 675 2977004.2 2.26738
az 1982 0.21479714 724 2896996.5 2.49914
az 1988 0.34648702 944 3488995.0 2.70565
az 1987 0.36000001 937 3385996.2 2.76728
az 1985 0.38135594 893 3186998.0 2.80201
az 1984 0.29670331 869 3071995.8 2.82878
az 1986 0.37151703 1007 3278998.0 3.07106
ar 1984 0.59890109 525 2346001.8 2.23785
ar 1985 0.57733053 534 23590010 2.26367
ar 1982 0.65035802 550 2306998.5 2.38405
ar 1983 0.67545873 557 2324999.0 2.39570
ar 1986 0.56243551 603 2371000.5 2.54323
ar 1988 0.52454287 610 2395002.8 2.54697
ar 1987 0.54500002 639 2387999.5 2.67588
ca 1983 0.10321102 4573 25311062.0 1.80672
ca 1982 0.10739857 4615 24785976.0 1.86194
ca 1985 0.09533899 4960 26365028.0 1.88128
ca 1988 0.08662175 5390 28314028.0 1.90365
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Example: Traffic deaths and alcohol taxes

= Observational unit: one year in one U.S. state
= Total 48 U.S. states, so N = the number of entities = 48
= 7 years (1982,.., 1988),s0 T = the number of time periods = 7.

= Balanced panel, so total number of observations
NT =7 x 48 =336

= Variables:
= Dependent Variable: Traffic fatality rate (# traffic deaths in that state in that
year, per 10,000 state residents)
= Independent Variable: Tax on a case of beer
= Other Controls (legal driving age, drunk driving laws, etc.)

= A simple OLS regression model with t = 19821988

FatalityRate;; = Bor + P1tBeerTaxi + uj
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U.S. traffic death data for 1982

= Higher alcohol taxes, more traffic deaths
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U.S. traffic death data for 1988

= Still higher alcohol taxes, more traffic deaths
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Pooled Cross-Sectional Data(1982-1988)

= The positive relationship between alcohol taxes and traffic deaths might be due to

using only two years data.Therefore,we run the following regression using full years
data

FatalityRate;; = o + 1 BeerTaxjt + uj

= This is a simple OLS, only now sample size is NT = 7 x 48 = 336

= |If you we would like to control the time, in other words, we would like to strict our
regression within every years and then make an average, then we should run

FatalityRate;; = Bo + P1BeerTaxi + AT + uj
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Pooled Cross-Sectional Data(1982-1988)

= Still higher alcohol taxes, more traffic deaths(though some nonlinear pattern)

Fatality rate

H
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Table 1:

Dependent Variable: Fatality Rate
Pooled OLS Pooled OLS with Time

€)) ()
beertax 0.365™** 0.366™**
(0.053) (0.053)
year_1983 —0.082
(0.128)
year_1984 —0.072
(0.121)
year_1985 —0.111
(0.120)
year_1986 —0.016
(0.121)
year_1987 —0.016
(0.122)
year_1988 —0.001
(0.119)
Constant 1.853%** 1.895%**
(0.047) (0.105)
Observations 336 336
Adjusted R? 0.091 0.079
Note: *p<0.1; **p<0.05; ***p<0.01

Robust S.E. are shown in the parentheses
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Pooled Cross-Sectional Data(1982-1988)

= Could we are safety to make a conclusion:
Higher beer tax cannot make less but more fatalities

= In other words : does the regression satisfy OLS Assumption 1-4 to obtain an
unbiased and consistent estimation for the conclusion?

= Question: are there some threatens to the internal validity of the estimate?
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Pooled Cross-Sectional Data(1982-1988)

= Assumption 1, E(uj:|BeerTax;:) = 0 may not be satisfied for some unobservables
(OVB).
= Some unobservable factors that determines the fatality rate may be correlated with
BeerTax, such as local cultural attitude toward drinking and driving.
= Assumption 2 (independence across entities) treats observations from
different states as independent. With N = 48 states, this is often plausible.

= Within the same state over time, however, (BeerTax;:, FatalityRatej, ujt) can
be serially correlated—taxes and fatality rates tend to persist year to year.

= Serial correlation does not necessarily make Bl inconsistent in pooled OLS, but it
does invalidate the usual OLS standard errors—they are typically too small
(over-rejecting Hp).
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Pooled Cross-Sectional Data(1982-1988): Standard Errors

= The table above uses heteroskedasticity-robust standard errors. For panel data
we also need to allow arbitrary correlation among years within the same
state.

= Preview (formal treatment later): estimate FE with cluster-robust standard
errors at the entity level. Clustering allows correlation among (uji, ..., ujt) for
each i while treating different entities as independent.

= Two lessons from pooled OLS: (1) the sign of N may reflect OVB, not
causation; (2) even for inference on Bl, panel data require clustered SEs—not
the default OLS formula.
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Simple Case: Panel Data with Two Time Periods

Firstly let adjust our model with some unobservables
FatalityRate;; = By + [P1BeerTaxjy + B2Z;i + ujr

where uj is the error termand i=1,..nandt=1,..., T

Z; is the unobservable factor that determines the fatality rate in the j state but
does not change over time.

The omission of Z; might cause omitted variable bias(OVB) but we don't have
data on Z;.

The key idea: Any change in the fatality rate from 1982 to 1988 cannot be caused
by Z;, because Z; (by assumption) does not change between 1982 and 1988.
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Panel Data with Two Time Periods

= Consider the regressions for 1982 and 1988..

FatalityRatejiogs = o + [1BeerTaxiiogs + P22 + uji9ss
FatalityRatejogo = [o + [31BeerTaxiiggr + BoZi + uirogo

= Then make a difference

FatalityRatej19sg — FatalityRatejogo = ﬁl(BeerTax,-lggg — BeerTax;lggz) + (u,'lggg — Uj198
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Panel Data with Two Time Periods

= Assumption: If E(uj:|BeerTaxi, Z;) = 0,then (ujoss — uiiogs2) is uncorrelated with
(BeerTax,-lggg — BeerTax,-lggg)

= Then this "difference” equation can be estimated by OLS, even though Z; isn't
observed.

= Intuition: Because the omitted variable Z; doesn’t change, it cannot be a
determinant of the change in Y.
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Case: Traffic deaths and beer taxes

1982 data:
FatalityRate = 1.86 + 0.44BeerTax (n = 48)
(11) (.13)
1988 data:
FatalityRate = 2.01 + 0.15BeerTax (n=48)
(.15) (.13)

Difference regression (n = 48)
FRyyy — IRy, =072 - 1.04(Beer Taxoss—BeerTax,os)
(.065) (.36)
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Change in traffic deaths and change in beer taxes

[ m Changes in Fatality Rates and Beer Taxes, 1982-1988
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= |n contrast to the cross-sectional regression results, the estimated effect of a
change in the real beer tax is negative, as predicted by economic theory.

= By examining changes in the fatality rate over time, the regression controls for
some unobservable but fixed factors such as cultural attitudes toward drinking
and driving.

= But there are many factors that influence traffic safety, and if they change over
time and are correlated with the real beer tax, then their omission will still
produce omitted variable bias(OVB).
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= This "before and after” analysis works when the data are observed in two different
years.

= Our data set, however, contains observations for seven different years,and it
seems foolish to discard those potentially useful additional data.

= But the “before and after” method does not apply directly when T > 2. To
analyze all the observations in our panel data set, we use a more general
regression setting: fixed effects
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Introduction

= Fixed effects regression is a method for controlling for omitted variables in panel
data when the omitted variables vary across entities (states) but do not change

over time.
= Unlike the “before and after” comparisons,fixed effects regression can be used

when there are two or more time observations for each entity.
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Fixed Effects Regression Model

= The dependent variable (FatalityRate) and independent variable (BeerTax)
denoted as Yj: and Xj;, respectively. Then our model is

Yit = Bo + B1Xit + B2 Zi + ujy (12.1)

= Where Z; is an unobserved variable that varies from one state to the next but
does not change over time
= eg. Z; can still represent cultural attitudes toward drinking and driving.
= We want to estimate (31, the effect on Y of X holding constant the unobserved
state characteristics Z.
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Fixed Effects Regression Model

= Because Z; varies from one state to the next but is constant over time,then let
aj = Po + B2Z;,the Equation becomes

Yie = B1Xit + o + ujt (12.2)

= This is the fixed effects regression model, in which «; are treated as unknown
intercepts to be estimated, one for each state. The interpretation of «; as a
state-specific intercept in Equation (12.2).

= Because the intercept «; can be thought of as the “effect” of being in entity i (in
the current application, entities are states),the terms «;,known as entity fixed
effects.

= The variation in the entity fixed effects comes from omitted variables that, like Z;

in Equation (12.1), vary across entities but not over time.
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What Entity Fixed Effects ldentify

= Pooled OLS mixes two sources of variation: states with high vs low average beer
tax (between), and changes in beer tax within a state over time (within).

= Entity FE uses within variation only: for each state /, identification comes from
year-to-year deviations of BeerTax;; from its state mean X;.

= Absorbed (controlled for): any time-invariant Z—culture, geography, long-run
political climate.

= Not identified from within: effects of regressors that do not change within
entity / over the sample (e.g., a state-specific policy constant for all seven years).
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Alternative : Fixed Effects by using binary variables

= How to estimate these parameters «;.

= To develop the fixed effects regression model using binary variables, let D1; be a
binary variable that equals 1 when i = 1 and equals 0 otherwise, let D2; equal 1
when i = 2 and equal 0 otherwise, and so on.

= Arbitrarily omit the binary variable D1; for the first group. Accordingly, the fixed
effects regression model in Equation (12.2) can be written equivalently as

Yit = fo + B1Xit + 72D2;i + 13D3; + ... + yaDnj + ujt (12.3)
= Thus there are two equivalent ways to write the fixed effects regression model,

Equations (12.2) and (12.3).

= In both formulations, the slope coefficient on X is the same from one state to the

next.
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Estimation: Introduction

= In principle the binary variable specification of the fixed effects regression model
can be estimated by OLS.

= But it is tedious to estimate so many fixed effects.If n = 1000, then you have to
estimate 1000 — 1 = 999 fixed effects.

= There are some special routines, which are equivalent to using OLS on the full
binary variable regression, are faster because they employ some mathematical
simplifications that arise in the algebra of fixed effects regression.
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Estimation: The “entity-demeaned” estimator

= Computes the OLS fixed effects estimator in two steps

= The first step:

= take the average across times t of both sides of Equation (12.2) (a; is
time-invariant, so its time-average equals itself) :

Y/,': Bl)_(,'+()l,'+ l_J,' (124)
= demeaned: let Equation(12.2) minus (12.4)

Yie— Yi = B1(Xie — X)) + (ai — ;) + uie — T
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Estimation: The “entity-demeaned” estimator

= Let .
Yii=Yi—Y;

= Then the second step: accordingly,estimate
Yie = B1Xit + Uit (12.5)
= For consistency, this implicitly requires strict exogeneity:
Eluj | X, ..., XiT, j] = 0 for all t — stronger than the usual OLS condition
= Then the estimator is known as the demeaned-estimator or within estimator.
Because it does not matter if a unit has consistently high or low values of Y and

X. All that matters is how the variations around those mean values are correlated.

= In fact, this estimator is identical to the OLS estimator of 5; without intercept.
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Estimation: The “entity-demeaned” estimator
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Vie=Ye— Vi
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Recall: OLS estimator without intercept

= An OLS model without intercept is

Yi = p1Xi+ uj
= Minimizing the least squared residual term of i; is
n n
. A2 2
min U5 = Yi— b X;
b4 I ;( )

= F.0.C, thus differentiating with respect to 31, we get

> 2(Yi— b1 X)Xi =0

i=1
= At last,the OLS estimator without intercept is
b = by = ZELS
1 X
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Fixed effects estimator(l)-Within estimator

= The second step of estimating within estimator is (12.5), thus
Yie = B1.Xie + Tt (12.5)

= Therefore, the fixed effects estimator(demeaned) can be obtained based on the
formula of an OLS estimator without intercept,thus

S L VX
2L
S YL X

~
ﬁdemean =
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Fixed effect estimator(ll)-Dummy variable method

= The fixed effects model is
Yie = B1Xie + i + uie (12.2)
= Equivalence to
Yie = Bo + B1Xit + 72D2; + v3D3; + ... + yaDnj + ujz (12.3)

= Then we can think of «; as fixed effects or “nuisance parameters"” to be

estimated,thus yields

n T

(B7a1) . .,&n) = argmin ZZ(K!’ - bet - ai)2

b,ar,..an =1 =1

this amounts to including n — 1 entity dummies in regression of Yj; on Xj;
38/104



Fixed effect estimator(ll)

= The first-order conditions (FOC) for this minimization problem are:

n T
EE: EE:(»Gt‘_'[a)Qt‘_'Zii))gt:: 0
i=1 t=1
= And
T o~
> (Yie— BXie—a1) =0
t=1
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Fixed effect estimator(ll)
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n T R
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E (Ylt—BXu—aﬂ =0
=1
T
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t=1
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Fixed effect estimator(ll)

= The first-order conditions (FOC) for this minimization problem are:

= And

n T

Z Z(Yit - BXit —a)Xiy=0

i=1 t=1

;
> (Yie— BXie—a1) =0
=1

T

S (Yae — BXor — G2) = 0
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Fixed effect estimator(ll)

= Therefore, for i=1,..., N,

= where
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Fixed effect estimator(ll)

= Plug this result into the first FOC to obtain:
n T

Z Z(Ylt /BXIY.' I) it — =0

i=1 t=1
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Fixed effect estimator(ll)

= Plug this result into the first FOC to obtain:

n T
Z Z(Ylt /BXIY.' I) it — 0
i=1 t=1
n T R . .
= :5:: :E::( Yie — Xt — Yi+ XiB)Xit = 0
i=1 t=1
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Fixed effect estimator(ll)

= Plug this result into the first FOC to obtain:

n T
Z Z(Ylt /BXIY.' I) it — =0
i=1 t=1
n T
= Ez:ji:(yﬁt‘— )Qné —-3%-+-5?u§))0t:: 0
i=1 t=1
n T o t . n T _
= (Z S (Vi - Y,-)Xit) - 5(2 S (X — Xi)x,-t) ~0
i=1 t=1 i=1 t=1
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Fixed effect estimator(ll)

= Plug this result into the first FOC to obtain:

S0 (Vi — B — @)X = 0
i=1 t=1
= zn;i(Yit — Xt = Yi+ XiB)Xie =0
el
= (é t_Tl it — 7: Xlt) - B(gé(xit - Xi)Xit) =0
n T' n T
= (30 V0= X)) = B 3 0k~ Xxe) =0
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Fixed effect estimator(ll)

= Plug this result into the first FOC to obtain:

ani(\ﬁt BXit — @) Xie =0
i=1 t=1
= ZH:ZT:(Y# — XitB = Yi+XiB)Xie = 0
i=1 t=1
> (S vone) A 5300 30%) -
:(g;m—m(x X)) - (;g - X)X) =0

Z,—l Y (Ye i/i)(Xit - ):C'
1 E:t 1( it _')<)()Qt'_')0
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Fixed effect estimator(ll)

= Then we could obtain

X1

Y S (Yie— Y)(Xie — X))

O S S (X — X)X — %)

with time-demeaned variables 5(,-t = Xjt — )_(,-, g’,-t =Y;—Y,

= As same as we obtained in the demeaned method
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Fixed effect estimator(ll)

= Then we could obtain
5o L S (Yie = i) (Xie — X))
S S (Xie — X) (X
Y Y XV
YLl X

with time-demeaned variables 5(,-t = Xjt — )_(,-, g’,-t =Y;—Y,

~+
[
N

= As same as we obtained in the demeaned method
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Fixed effect estimator(lIl): first-differencing

= Recall our fixed effects model is
Yie = b1 Xit + i + ujr (12.2)

= Then implies
Y = 1 Xa + i+ ua
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Fixed effect estimator(lIl): first-differencing

= Recall our fixed effects model is

= Then implies

Yie = f1Xie + o + ujt

Yin = f1Xin + ai+ uin
Yo =01 Xp +ai+ up

Yir = 51 Xit + ai + uiT

(12.2)
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Fixed effect estimator(lIl): first-differencing

= Taking the differences between consecutive years

Yo — Yi = f1(Xp — Xi) + (up — upn)
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Fixed effect estimator(lIl): first-differencing

= Taking the differences between consecutive years

Yo — Yin = B1(Xp — Xin) + (up — upn)
Y — rz—ﬁl( 3 — Xo) + (uz — up)
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Fixed effect estimator(lIl): first-differencing

= Taking the differences between consecutive years

Yo — Yin = B1(Xp — Xin) + (up — upn)
Y — rz—ﬁl( 3 — Xo) + (uz — up)

Yir = YiT-1 = B1(Xit — Xi7-1) + (uiT — Ui 7-1)
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Fixed effect estimator(lIl): first-differencing

= New notation,we use A represents the change from the preceding year,then

AY,Q = ﬁlAX,Q + AU,Q

= The first-difference fixed effect model is
A’/it:ﬁlAX,‘t—FAU,‘t i= 1,...,N; t= 2,..., T (126)

= Then first-difference estimator is
/éfd — Z?:l 2;2 A)/itAX,'t
7:1 ZZ—:2 AX,2t
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Fixed effect estimator(lIl): first-differencing

= When T = 2, FD and demean estimators and all test statistics are identical.

= When T = 3, FD and demean estimators are not the same, while both are
consistent(T fixed as N — o0) if certain assumptions are satisfied.

= But if the strict exogenous assumption is not satisfied, then the demean
estimator has more advantages over the FD estimator for having
substantial less bias.
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The Fixed Effects Regression Assumptions

= The simple fixed effect model

Yii=Xe+aitupi=1,..nt=1..T

—

. Assumption 1: uj; has conditional mean zero with Xj, or X; at any time t and «;

E(uie| Xin, Xz, ..., Xi, 0) = 0

N

. Assumption 2: (X, Xp, ..., XiT, uin, Up, .., uiT), i = 1,2, ..., n are i.i.d.
. Assumption 3: Large outliers are unlikely.

&~ W

. Assumption 4: There is no perfect multicollinearity.
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The Fixed Effects Regression Assumptions

= Assumption 1: u; has conditional mean zero with Xj, or X; at any time t and
a;,thus
E(uit| X, X2y oo, XiTy i) = 0
= uj; has mean zero, given the state fixed effect and the entire history of the Xs for
that state.
= No feedback effect from u to future X

= Whether a state has a particularly high fatality rate this year does not subsequently
affect whether it increases the beer tax.
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Statistical Properties of Fixed Effects Model

= Unbiasedness and Consistency

T o3

7:1 thl Xityit
n T ¥
=1 Zt:l X:Zt

ﬁfef demean —
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Statistical Properties of Fixed Effects Model

= Unbiasedness and Consistency

7:]_ ZZ—:]_ 5'<I't's'/l't
LYl X
_ it Sy Xae(B1 Xie + Tie)
DN EPPEP S

ﬁfef demean —
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Statistical Properties of Fixed Effects Model

= Unbiasedness and Consistency

i1 Zthl Xitg/it
(EDIEP
_ 2171 Yl /t(/3’1X,t + Ujt)
E:L—l E:t_
21—1 Zt— tU:t
i1 Zt:l

ﬁfef demean —

=p1+
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Statistical Properties

= Unbiasedness and Consistency

By = Pl AYieAX
LYl AX2

= It is very familiar: based on strickly exogenous assumption, we could prove the
estimator of fixed effects model is unbiased and consistent, paralleling the
derivation of OLS estimator.
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Statistical Properties

= Unbiasedness and Consistency

By = izl ZthzTA YieAXit
In:]. ZtZZ A)(Izt
Ly Yo AXi( BLAXie + Auye)
Y Yl AXG

= It is very familiar: based on strickly exogenous assumption, we could prove the
estimator of fixed effects model is unbiased and consistent, paralleling the
derivation of OLS estimator.
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Statistical Properties

= Unbiasedness and Consistency

By = izl ZthzTA YieAXit
In:]. Zt:Z A)(Izt
Ly Yo AXi( BLAXie + Auye)
YL YL A
Y1 Yo AXiAug
YL YL A

=p1+

= It is very familiar: based on strickly exogenous assumption, we could prove the
estimator of fixed effects model is unbiased and consistent, paralleling the
derivation of OLS estimator.
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Statistical Properties: Sampling Distribution

= Similarly, in panel data, if the fixed effects regression assumptions—holds, then
the sampling distribution of the fixed effects OLS estimator is also normal in large
samples.

= Then the variance of that distribution can be estimated from the data, the square
root of that estimator is the standard error,

= And the standard error can be used to construct t-statistics and confidence
intervals.

= Statistical inference—testing hypotheses (including joint hypotheses using
F-statistics) and constructing confidence intervals—proceeds in exactly the same
way as in multiple regression with cross-sectional data.
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Fixed Effects: within, between, and overall R?

= Because in panel data, we have both within-entity and between-entity variation in
Xit, so we need to consider both of them when evaluating the goodness of fit.
= Within R2: fit of Y by 3X;; — matches the FE estimator. How much
within-state variation in fatalities is explained by within-state variation in beer taxes?
= Between R?: fit of Y; by BA)_(,- across states — not what FE identifies. How much
variation in fatalities is explained by variation in beer taxes across states?
= Overall R?: fit of Y; by BX,-t + &;. Often high because &; absorb permanent
cross-state differences—even when within R? is low.
= In FE output, report within R2, not overall or pooled R?. Within R? is often low
here: beer taxes change little within most states over seven years.

= Low within R? does not mean the model is “wrong.” It means limited
within-entity signal in Xj, so Bl is imprecise—standard errors tend to be large.
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Fixed Effects: Extension to multiple X's.

= The multiple fixed effects regression model is
Yie = B1Xv,it + o + BiXiie + i + Uit

= Equivalently, the fixed effects regression can be expressed in terms of a common

intercept
Yie = Bo + B1Xv,it + ..o + BuXu,it

4+ v D2;+ v3D3; + ... + yaDnj + ujr
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Application to Traffic Deaths

= The OLS estimate of the fixed effects regression based on all 7 years of data (336
observations), is

Fatﬁty\Rate = — 0.66BeerTax + StateFixedEffects
(0.29)

= The estimated state fixed intercepts are not listed to save space and because they
are not of primary interest.

= As predicted by economic theory,higher real beer taxes are associated with fewer
traffic deaths, which is the opposite of what we found in the initial cross-sectional
regressions.
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Application to Traffic Deaths

= Recall: The result in Before-After Model is

Fnggg/—\Fnggg = —.072-1.04 (BeerTaxlggg — BeerTaxlggz)
(.065)(.36)

= The magnitudes of estimate coefficients are not identical,because they use
different data.

= And because of the additional observations, the standard error now is also smaller

than before-after model.
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Regression with Time Fixed Effects

= Just as fixed effects for each entity can control for variables that are constant over
time but differ across entities, so can time fixed effects control for variables that
are constant across entities but evolve over time.
= Like safety improvements in new cars as an omitted variable that changes over

time but has the same value for all states.

= Now our regression model with time fixed effects

Yit = Bo + B1Xit + B35t + uir

= where S; is unobserved and where the single t subscript emphasizes that safety
changes over time but is constant across states. Because (3S5; represents variables
that determine Y}, if S; is correlated with Xj;, then omitting S; from the
regression leads to omitted variable bias.
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Time Effects Only

= Although S; is unobserved, its influence can be eliminated because it varies over
time but not across states, just as it is possible to eliminate the effect of Z;, which
varies across states but not over time.

= Similarly,the presence of S; leads to a regression model in which each time period
has its own intercept,thus

Yie = B1Xit + A + Ui

= This model has a different intercept, A;, for each time period, which are known as
time fixed effects.The variation in the time fixed effects comes from omitted
variables that vary over time but not across entities.
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Time Effects Only

= Just as the entity fixed effects regression model can be represented using n— 1

binary indicators, the time fixed effects regression model be represented using
T — 1 binary indicators too:

Yit = Bo + B1Xv,it + 02B2¢ + ... + 0BT + ujt (12.7)

= where J5, d3, ..., 0T are unknown coefficients
= where B2, =1 if t =2 and B2; = 0 otherwise and so forth.

= Nothing new, just a another form of Fixed Effects model with another explanation.
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Table 2:

Dependent Variable: Fatality Rate
Pooled OLS Pooled OLS with Time

€)) ()
beertax 0.365™** 0.366™**
(0.053) (0.053)
year_1983 —0.082
(0.128)
year_1984 —0.072
(0.121)
year_1985 —0.111
(0.120)
year_1986 —0.016
(0.121)
year_1987 —0.016
(0.122)
year_1988 —0.001
(0.119)
Constant 1.853%** 1.895%**
(0.047) (0.105)
Observations 336 336
Adjusted R? 0.091 0.079
Note: *p<0.1; **p<0.05; ***p<0.01

Robust S.E. are shown in the parentheses
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Both Entity and Time Fixed Effects

= If some omitted variables are constant over time but vary across states (such as
cultural norms) while others are constant across states but vary over time (such as

national safety standards)

= Then, combined entity and time fixed effects regression model is
Yie = B1Xit + i + At + Uit

= where «; is the entity fixed effect and A, is the time fixed effect.

= This model can equivalently be represented as follows

Yie = Bo + 1 Xit + 72D2i + v3D3; + ... + ynDn;
+ 5282t + 53B3t + ...+ (5TBTt + ujt
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Both Entity and Time Fixed Effects: Estimation

= The time fixed effects model and the entity and time fixed effects model are both
variants of the multiple regression model.

= Thus their coefficients can be estimated by OLS by including the additional time
and entity binary variables.

= Alternatively,first deviating Y and the X's from their entity and time-period means
and then by estimating the multiple regression equation of deviated Y on the
deviated X's.
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Application to traffic deaths

= This specification includes the beer tax, 47 state binary variables (state fixed
effects), 6 single-year binary variables (time fixed effects), and an intercept, so this
regression actually has 1 4+ 47 + 6 + 1 = 55 right-hand variables!

_'_'_'_'_.—'_'_'—-_‘_‘_\_‘_‘_\_‘-‘_ -
FatalityRate = —0.64 BeerTax + StateFixedEffects + TimeFixedEffects. (10.21)
(0.36)

= When time effects are included,this coefficient is less precisely estimated, it is still
significant only at the 10%, but not the 5%.
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Application to traffic deaths

= Recall: after time FE, less within-state variation in beer tax remains—wider
confidence intervals and weaker significance are expected, not evidence that
taxes are irrelevant.

= This estimated relationship between the real beer tax and traffic fatalities is
immune to OVB from variables that are constant either over time or across
states.

64/104



65/104



66 /104



Autocorrelation

= An important difference for a key assumption

= Cross-Section: Assumption 2 holds: i.i.d sample.
= Times series: Y1, ..., Y7 are dependent(not independent) and may not be identically

distributed.
= Panel data: independent across entities but no such restricition within an entity.

= Observations of a time series are typically correlated. This type of correlation is
called autocorrelation or serial correlation.
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Autocorrelation

= The covariance between Y; and its j* lag, Y:—j, is called the Jj* autocovariance of
the series Y;.

Jj™autocovariance = Cov(Ys, Yi_))
= The jth autocorrelation coefficient, also called the serial correlation coefficient,

measures the correlation between Y; and Y;_;.

, : Cov(Ys, Yioj
Jjhautocorrelation = p; = py, v, , = (Ye, Ve ))

JVar(YVar( . )
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Autocorrelated in Panel Data

= |n the traffic fatality example, Xj;, the beer tax in state i in year t,is autocorrelated:

= Most of the time, the legislature does not change the beer tax, so if it is high one
year relative to its mean value for state i,it will tend to be high the next year,too.

= Similarly,u;; would be also autocorrelated. It consists of time-varying factors that
are determinants of Yj; but are not included as regressors, and some of these
omitted factors might be autocorrelated. It can formally be expressed as

COV(U,‘t, u,'5|X,'t, X,'s, Oé,') 7& 0fort 75 s

= eg. a downturn in the local economy and a road improvement project.
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Autocorrelated in Panel Data

= If the regression errors are autocorrelated, then the usual heteroskedasticity-robust
standard error formula for cross-section regression is not valid.

= The result: an analogy of heteroskedasticity.

= OLS panel data estimators of 5 are unbiased and consistent but the standard
errors will be wrong

= usually the OLS standard errors understate the true uncertainty

= This problem can be solved by using “heteroskedasticity and
autocorrelation-consistent(HAC) standard errors”
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Standard Errors for Fixed Effects Regression

= The standard errors used are one type of HAC standard errors: clustered standard
errors, which we have discussed in Lecture 8.

= The term clustered arises because these standard errors allow the regression
errors to have an arbitrary correlation within a cluster, or grouping, but assume
that the regression errors are uncorrelated across clusters.

= Like heteroskedasticity-robust standard errors in regression with
cross-sectional data, clustered standard errors are valid whether or not there is
heteroskedasticity,autocorrelation,or both.
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What s the Cluster?

= A cluster is the unit of grouping: regression errors (uj;) may be arbitrarily
correlated within a cluster, but are assumed uncorrelated across clusters.

= Example — traffic fatalities and beer taxes: entity / is a state. One cluster =
all years for the same state (e.g., California 1982-1988 = 7 observations in one
cluster).
= Within a state, u; can persist over time (local economy, road projects, enforcement).
Clustered SEs allow (uj, ..., uiT) to correlate freely.
= Across states, errors are treated as independent — consistent with Assumption 2
(independence across entities).
= Rule of thumb: cluster at the entity level — the unit that defines your fixed
effect. Here, that means state-level clustering.
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Recall: Classical measurement error of X

= The true model is
Yi = Bo + B1Xi + u;

with E[U,"X,‘] =0
= Due to the classical measurement error,we only have X} thus
X = Xi+w;
with E[W,'|X,'] =0
= Then we have to estimate the model is

Yi=Bo+ 51X + e

where e = —[1w; + u;
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Recall: Classical measurement error of X

= Similar to OVB bias in simple OLS model, we had derived that
o2

plim(Br) = b1 ——2— +a2

= Then we have 2

2+

= The classical measurement error 57 is biased towards 0, which is also called

plim(B1) = B < B

attenuation bias
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Measurement error in FE

= Suppose we will estimate a fixed effect model
Yie = B1Xit + i + ujt

= Unfortunately, our measurement of X is not accurate, suppose it satisfies the

classical measurement error, thus
X = Xit + wir

with E[w;¢| Xit] = 0 and Cov(wi, ujr) = 0.
= Then we estimate

Yie = b1.Xj; + i + ej

with ejr = —[B1wir + ujt
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Measurement error in FE

= First difference estimator for fixed effect
AYi = f1AX; + Aepr

with Ae; = —P1Aw; + Auj

= Following the formula of ME in Simple OLS regression,we have

plim(B1) = B1—

UAX+UAW
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A short detour: Stationarity of a time series

= A time series {X;} is (weakly) stationary if its statistical properties do not change
over time:

1. E(X:) = p (constant mean)
2. Var(X;) = 0% (constant variance)
3. Cov(Xt, Xi—k) = 7k depends only on the lag k, not on t

= The autocorrelation coefficient at lag 1 is

o= C.OV()Q-7 Xt_]_) _ C~OV()<t7 Xt_]_)
\/Var(Xt) Var(Xt_l) O')2<

= Intuition: stationarity says the “world looks the same” at every point in time—no

trend, no exploding variance. It lets us replace Var(Xj;) and Var(X;;—1) with a
single ai, which is exactly what makes the previous derivation clean.
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Measurement error in FE

= Assume that time series X; is stationary, so Var(Xit) = Var(Xj;—1) = 0% and
Cov(Xit, Xjt—1) = po%. Then

oax = Var(Xit) — 2Cov(Xit, Xjt—1) + Var(Xit_1)

79/104



Measurement error in FE

= Assume that time series X; is stationary, so Var(Xit) = Var(Xj;—1) = 0% and
Cov(Xit, Xjt—1) = po%. Then

oax = Var(Xit) — 2Cov(Xit, Xjt—1) + Var(Xit_1)

= 20% — 2po%
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Measurement error in FE

= Assume that time series X; is stationary, so Var(Xit) = Var(Xj;—1) = 0% and
Cov(Xit, Xjt—1) = po%. Then

oax = Var(Xit) — 2Cov(Xit, Xjt—1) + Var(Xit_1)
= 20% — 2po%
= 20%(1 — p)
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Measurement error in FE

= Similarly, assuming wj; is also stationary, define r to be the lag-1 autocorrelation
coefficient in wy,then the attenuation bias in fixed effect model is

o o%(1 — p)
pim(3) = 8 = o2 i

= If both Xj; and wj; are uncorrelated over time(t), then p = 0 and r = 0, the bias

equals to the one in simple OLS case.
= |f measurement error is uncorrelated over time, but X;; are correlated over time,
thus p # 0 and r = 0.Then we have

2 2
— ox(1—p) ox
/ = X <
plim({) ﬁa§<(1—p)+ogv ok +02

= |t means that attenuation bias in fixed-effect model will be larger than the bias in

OLS. In other words, measurement error will be magnified in a FE model.
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Application: Drunk Driving Laws and Traffic Deaths

= Two ways to cracks down on Drunk Driving
1. toughening driving laws
2. raising taxes
= Both driving laws and economic conditions could be omitted variables,it is better
to put them into the regression as covariates.

= Besides, In two way fixed effect model, controlling both unobservable variables
simultaneously that
= do not change over time
= do not vary across states
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Application: Drunk Driving Laws and Traffic Deaths

@LECETXID Regression Analysis of the Effect of Drunk Driving Laws on Traffic Deaths

Dependent variable: Traffic fatality rate (deaths per 10,000).

OLS Only State Fixed Both State and Time Fixed Effects
1 2

Regressor (34 4) 5) 6) 7)
Beer tax 036%* —0.66* —0.64* 045 0.69* 046 093%*
(0.05) (029)  (036) (030) (035) (0.31) (0.34)
Drinking age 18 0028  —0.010 0.037
(0.070)  (0.083) (0.102)
Drinking age 19 0018  —0.076 0.065
(0.050)  (0.068) (0.099)
Drinking age 20 0032 —0.100* 0113
(0.051)  (0.056) (0.125)
Drinking age 0.002
(0.021)
Mandatory jail 0.038 0.085 0.039 0.089
or community service? 0.103)  (0.112) (0.103) (0.164)
Average vehicle 0.008 0.017 0.009 0.124
miles per driver (0.007)  (0.011) (0.007) (0.049)
Unemployment rate 0.063** 0.063** 0.091**
(0.013) (0.013) (0.021)
Real income per capita 1.82%+ 1.79%+ 1.00
(logarithm) (0.64) (0.64) (0.68)
Years 1082-88 1982-88 1982-88 1982-88 1982-88 1982-88 1982 & 1988 only
State effects? [ no yes yes yes yes yes yes )
Time effects? no no yes yes yes yes yes
Clustered standard errors? | no yes yes yes yes yes yes )
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Introduction

= Recall our basic FE model is
Yie = p1Xit + i + uit
= where q; is the entity fixed effect, which control individual unobservables persistent
in time.

= But what if some individual unobservables correlated with X are also changing in
time? thus we will still suffer an OVB bias even we use FE model. More

specifically,
E(uit| Xit, cvj) # 0

= Then our FE estimator will be biased again due to the OVB problem.
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Instrumental Variable in FE

= Recall the Within Estimator
Yie = B1Xie + Uit
= The standard within assumption E(j | )N<,-t) = 0 is violated under the OVB just
discussed, so we look for an IV Zj; satisfying:

= Two Assumptions of IV

= Relevance
COV(Z‘ta Xit) 7é 0

= Exogeneity

COV(Z,‘t, TI,’t) = O
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First-Stage and Reduced Form

= First stage
Xit = it + @i + it

= Second stage
Yie = f1Xit + i + ujt

= Reduced form
Yit = 01Zic + aj + €t
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2SLS estimator in FE

= Recall the within (OLS) estimator

oo

g > YieXie
n T ¥
=1 Zt:l Xlgt

N
/Bdemean -

= In the just-identified case, the 2SLS estimator in FE reduces to the simple IV

estimator T =
n

im1 21 YieZie
n T % 3
i1 2oe=1 XitZit

A
Bdemean =
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Introduction

= “Economic Shocks and Civil Conflict: An Instrumental Variables
Approach”,Journal of Political Economy, 2004, vol(112),n0.4

= Topic: Economic Shocks and Civil Conflict
= Civil wars have resulted in 3 times as many deaths as wars between states since WW

[l (Fearon and Laitin 2003).
= Sub-Saharan Africa: 29 of 43 countries suffered from civil conflict during the 1980s

and 1990s.
= Previous research highlights the association between economic conditions and

civil conflict rather than a causal relationship.

= Empirical Strategy: Use exogenous variation in rainfall as an IV for income
growth to estimate the impact of economic growth on civil conflict.
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Data and Measurement

= Armed Conflict Data: PRIO/Uppsala database

= small conflicts(>= 25) deaths per year
= conflicts with the standard 1,000-death per year
= coded as a dummy variable(Yes=1,No=0)
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Data and Measurement

= Armed Conflict Data: PRIO/Uppsala database
= small conflicts(>= 25) deaths per year
= conflicts with the standard 1,000-death per year
= coded as a dummy variable(Yes=1,No=0)

Standard
Mean Deviation Observations

A. Civil Conflict Measures (1981-99)

Civil conflict with >25 deaths: (PRIO/

Uppsala) 27 44 743
Onset .07 25 555
Offset .15 .36 188

Civil conflict with >1,000 deaths:

PRIO/Uppsala 17 37 743
Onset .04 19 625
Offset 15 .36 118

Collier and Hoeffler (2002) 17 .38 743

Doyle and Sambanis (2000) 22 41 724

Fearon and Laitin (2003) 24 43 743
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Data and Measurement

= Rainfall: Global Precipitation Climatology Project (GPCP) database of monthly
rainfall estimates.
= The principal measure of a rainfall shock is the proportional change in rainfall

from the previous year,
Rit — Rit—1

ARy =
‘ Rit—1
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Data and Measurement

= Rainfall: Global Precipitation Climatology Project (GPCP) database of monthly
rainfall estimates.

= The principal measure of a rainfall shock is the proportional change in rainfall
from the previous year,

Rit — R+
A Rit _ it it—1
Rit—1
B. Rainfall Measures (1981-99)
Annual rainfall (mm), GPCP measure 1,001.6 501.7 743
Annual growth in rainfall, time ¢ .018 .209 743
Annual growth in rainfall, time ¢ — 1 011 .207 743
C. Economic Growth
Annual economic growth rate, time ¢ —.005 .071 743
Annual economic growth rate, time ¢— 1 —.006 .072 743
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Empirical Strategy: OLS-FE

= Simple OLS-FE Model:
conflict;; = X8 + Yo growth ;, + a; + year, + €

= Extended OLS-FE Model: one-period-lagged effect and a country-specific time
trends,d; X year,

conflict j = X3 + Yo growth ;, +~1 growth ;. ; + a;+ 0; X year , + €;t

= Question: Potential bias?

= OLS-FE still suffers from time-varying omitted variables correlated with growth
(e.g., political shocks).

93/104



Empirical Strategy: Why Include Lagged Growth?

= Adding growth;, ; because:
= economic shocks may raise conflict with a lag (mobilization, fiscal strain)

= lagged growth is more predetermined than contemporaneous growth (less reverse
causality from conflict to GDP)

= with two endogenous growth terms we need two instruments (AR, AR;¢—1)—a
counting rule from IV, not from any time series models.
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Empirical Strategy: Exclusion Restriction

= IV claim: conditional on Xj;, «;, and country-specific time trends, rainfall shocks
AR;; affect conflict; only through their effect on growth;, (and lagged growth).

= Must ask: Could rainfall shift conflict through other channels—food prices,
pastoral migration, election timing, aid flows—even after fixed effects? If yes, IV
estimates mix growth effects with direct rainfall effects (exclusion fails).

= Authors’ defense: rainfall is plausibly as-good-as-random for conflict politics at
the country-year level, and agriculture-dependent economies tie rainfall mainly to
income.

= Again, IV is a storytelling tool: treat exclusion as a maintained assumption, not

a theorem.
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Empirical Strategy: IV-FE

= First-stage: Take rainfall shocks as Vs

growth;, = X},8 + coAR;t + c1AR;t—1 + a;j+ 6; X year .+ €
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Empirical Strategy: IV-FE

= First-stage: Take rainfall shocks as Vs

growth;, = X},8 + coAR;t + c1AR;t—1 + a;j+ 6; X year .+ €
gl’OWth,ﬁ,l = X:‘,tfl/B + C()AR,',t_l + ClAR,'Vt_Q + a;+ 0; X year —1 T €it-1
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Empirical Strategy: IV-FE
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Empirical Strategy: IV-FE

TABLE 2
RAINFALL AND Economic GRowTH (First-Stage)
Dependent Variable: Economic Growth Rate, ¢

ORDINARY LEAST SQUARES

EXPLANATORY
VARIABLE (1) @) 3) 4) (5)
Growth in rainfall, ¢ .055H#* 053%H* 0495k 049k KU
(.016) (.017) (.017) (.018) (.018)
Growth in rainfall, L0343 032%* .028%* .028* L037%*
-1 (.013) (.014) (.014) (.014) (.015)
Growth in rainfall, 00T
1 (.019)
Growth in terms of —.002
trade, ¢ (.023)
Log(GDP per cap- -.011
ita), 1979 (.007)
Democracy (Polity 20000
), t—1 (.0007)
Ethnolinguistic .006
fractionalization (.044)
Religious 045
fractionalization (.044)
Oil-exporting 007
counts (.019)
Log(mountainous) 2001
(.005)
Log(national popu- —.009
lation), £— 1 (.009)
Country fixed
effects no no yes yes yes
Country-specific
time trends no yes yes yes yes
R 02 .08 13 13 .16
Root mean square
error .07 07 .07 7 .06
Observations 743 743 743 743 661
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Empirical Strategy: IV-FE

= Reduced-Form:

conflicty = X8 + boAR;: + biAR;—1 + aj+ 0; x year .+ ujt
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Empirical Strategy: IV-FE

= Reduced-Form:
conflicty = X8 + boAR;: + biAR;—1 + aj+ 0; x year .+ ujt

TABLE 3
RaINFALL AND CrviL ConrLICT (Reduced-Form)

DEPENDENT VARIABLE

Civil Conflict >25 Civil Conflict 21,000

EXPLANATORY Deaths (OLS) Deaths (OLS)

VARIABLE 1) 2)
Growth in rainfall, —.024 —.062%*

t (.043) (.030)
Growth in rainfall, —.122%* —.069%*

t—1 (.052) (.032)
Country fixed

effects yes yes
Country-specific

time trends yes yes
R 71 .70
Root mean square

error .25 22
Observations 743 743

NotE.—Huber robust standard errors are in parentheses. Regression disturbance terms are clustered at the country
level. A country-specific year time trend is included in all specifications (coefficient estimates not reported). 98 /104
* Sjgnificantly different from zero at 90 percent confidence.



Empirical Strategy: IV-FE

= Second-stage:
conflict j = X3 + yogrowth;, + 'ylgrowth,-yt_l + aj+ 6; X year, + €jr
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Empirical Strategy: IV-FE

= Second-stage:

conflict j = X3 + yogrowth;, + 'ylgrowth,-yt_l + aj+ 6; X year, + €jr

DEPENDENT VARIABLE: Civil Conflict >25 Deaths

EXPLANATORY Probit OLS OLS OLS IV:2SLS  IV-2SLS
'VARIABLE (€Y (2) (3) (4) (5) (6)
Economic growth —.37 —.33 —.21 —.21 —.41 -113
rate, ¢ (.26) (.26) (.20) (.16) 1.40
Economic growth —.14 —.08 .01 07 —2.55%*
rate, t—1 (.23) (.24) (.20) (.16) (L.10)
Log(GDP per cap- —.067 —.041 .085
ita), 1979 (.061) (.050) (.084)
Democracy (Polity .001 .001 .003
), t—1 (.005) (.005) (.006)
Ethnolinguistic 24 .23 .51
fractionalization (.26) (.27) (.40)
Religious —.29 —.24 .10
fractionalization (.26) (.24) (42)
Oil-exporting .02 .05 —.16
country (21) (.21) (.20)
Log(mountainous) 0775 .076% .057
(.041) (.039) (.060)
Log(national pop- .080 .068 .182%
ulation), t—1 (.051) (.051) (.086)
Country fixed
effects no no no yes no yes
Country-specific
time trends no no es yes yes yes
3 13 53 71 99 /104
Root mean square



Main Results

= OLS: Contemporaneous and lagged economic growth rates are negatively, though
not statistically significantly, correlated with conflicts.

= |V-2SLS with country controls: —2.25 (s.e. 1.07) on lagged growth—significant
at the 5% level.

= |V-2SLS with FE: —2.55 (s.e. 1.10) on lagged growth—significant at the 5%
level.
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Main Results: Units and Economic Magnitude

= Outcome units: conflict;; is a binary (or probability-like) indicator. Coefficients
are changes in the probability of conflict in percentage points (pp), not
percent changes relative to a baseline.

= Growth units: growth;, is GDP growth in percentage points (e.g., —5 means a
five—percentage-point fall in the growth rate, not a 5% relative decline in GDP
level).

= |V magnitude (lagged growth): §; ~ —2.55 implies a 1 pp decrease in lagged
GDP growth = about 2.55 pp higher conflict probability; a 5 pp growth shortfall
= roughly 5 x 2.55 ~ 12.8 pp—nearly half of the sample mean conflict rate
(= 27%).

= Do not confuse: “1% lower GDP" (relative level change) vs “1 percentage
point lower growth” (absolute change in the growth rate)—the paper’s headline

effects refer to the latter.
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Wrap up

= We've showed that how panel data can be used to control for unobserved omitted
variables that differ across entities but are constant over time.

= The key insight is that if the unobserved variable does not change over time, then any

changes in the dependent variable must be due to influences other than these fixed
characteristics.

= Double fixed Effects model, thus both entity and time fixed effects can be included in the
regression to control for variables that vary across entities but are constant over time and
for variables that vary over time but are constant across entities.
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Wrap up

= Despite these virtues, one shortcoming of fixed effect model is that it will
exaggerate the attenuation bias as when X is measured with some errors.

= Second,fixed effect model eliminate the OVB bias with demean or differences. But
in the mean time, it also diminishes the variations of Xs significantly, which will
make the estimate less precise.

= If the treatment variable of the interest is also constant, then it will gone when you
use fixed effect model.

= Last but not least, entity and time fixed effects regression cannot control for
omitted variables that vary both across entities and over time. There remains a
need for new methods that can eliminate the influence of unobserved omitted

variables.
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